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Some background on Leibniz algebras

@ A Lie algebra is a vector space that has a binary bracket
operation [-, ] that abides to the following three axioms:
(L1) The bracket operation is bilinear.

(L2) [xx] =0 for all x € L.
(L3) [x[yz]] + [y[zx]] + [z[xv]] = O (where x,y,z € L).

@ Leibniz algebras are a “noncommutative” generalization of Lie
algebras.
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Some background on Leibniz algebras

@ Leibniz algebras require just bilinearity and the Leibniz
identity:
[[a, b], c] = [a, [b, c]] + [[a, c], b].
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Preliminaries and Definitions

Definition

A linear map d: L — L of a Leibniz algebra (L, [-,-]) is said to be a
derivation if for all x,y € L, the following condition holds:

d(x, y]) = [d(x), y] + [x, d(y)] -

For Leibniz algebras, the right multiplication operator Ry: L — L,
defined by R.(y) = [y, x|, y € L is a derivation.

Definition

Let di,d, ..., d, be derivations of a Leibniz algebra L. The
derivations dy, do, . .., d, are said to be linearly nil-independent
if for a1, an, . ..,a, € C and a natural number k,

(a1di + apdy + - - - —l-oznd,,)k =0implies a1 =ap =---=a, =0.
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Preliminaries and Definitions

Let
[r=1, L=k 1], k>1,

and
(=g s =g Bl s > 1.

The following definitions will be needed:

Definition

A Leibniz algebra L is said to be nilpotent (respectively,
solvable), if there exists n € N (m € N) such that L" =0
(respectively, LI =0).
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Preliminaries and Definitions

Definition
An ideal of a Leibniz algebra is called nilpotent if it is nilpotent as
a subalgebra.

It is easy to see that the sum of any two nilpotent ideals is
nilpotent. Therefore the maximal nilpotent ideal always exists.

Definition

The maximal nilpotent ideal of a Leibniz algebra is said to be the
nilradical of the algebra.
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Preliminaries and Definitions

Definition

A Leibniz algebra L is said to be abelian if L2 = 0. An ideal of a
Leibniz algebra is called abelian if it is abelian as a subalgebra.
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Problem Setup

@ Let L be a solvable Leibniz algebra. Then it can be written in
the form L = N @ @, where N is the nilradical and @ is the
complementary subspace. From Casas, et al. we have:

Let L be a solvable Leibniz algebra and N be its nilradical. Then
the dimension of Q is not greater than the maximal number of
nil-independent derivations of N.

@ It was proven in Adashev, et al. that the maximal dimension
of a solvable Leibniz algebra with a k-dimensional abelian
nilradical is 2k. Moreover, this maximal case is classified.
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Problem Setup

Here, we have classified all solvable Leibniz algebras of dimension
2k — 1 with abelian nilradical of dimension k, i.e.

L=N®Q

2k — 1 = dim(L) = dim(N) + dim(Q) = (k) + (k — 1)
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Methods

Proposition

Let L be a Leibniz algebra from the class R(A(k), k — 1). Then there
exists a basis {e1, e, €3,...,€k,X1,X,...,Xk_1} of L such that the table
of multiplication on this basis has the following form:

eix; = e + Biiex 1<i<k-1

eix; = Bjex i<k 1<j<k—1i#]

xiei = ojej+yijex 1<i<k—-1
<i<k-1,1<j<k-1,i#j

Xi€j = i jek

k

x,-ek:Zu,-’jej 1§/§k—1
Jj=1

XiXj = 0j jex 1<i,j<k-1

where «; € {0, —1}.

R. Gaybullaev A. Khudoyberdiyev K. Pohl Solvable Leibniz Algebras with an Abelian Nilradical



Theorems

Let L be a Leibniz algebra from the class R(ax, k — 1) and let
aj=0forl1 <i< k—1. Then L is isomorphic to one of the
following algebras:
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[ei, xi] = e, 1<i<k-1,
L 7)) & -~ .- L. i
) {[ek,x,-J:B,-ek, 1<i<k-—1, At
le1, x1] = e1 + Brex,
leis xi] = eis 2< i< k-1,
L i) - .- La(v;
3D fer, ] = B, 2<i<k—1, M)
[ex, x1] = ek,
[ei, xi] = e, 1<i<k-1,

Ls(6; ;) :
5(%i.1) {[Xi»xj] =6 e, 1<ij<k—1.

[ei, xi] = e, 1<i<k—1,
lex, xi] = Biex, 1< i< k-1,
[xi,ex] = —Biex, 1<i<k—1,
[er, xi] = e, 1<i<k—1,
[ex, x1] = ek,

[xa, ex] = —ex,

[xi;e]l = vier, 2<i<k—1,
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Let L be a solvable Leibniz algebra from the class R(ax, k — 1) and
aj=—1forl <i< k—1. Then L is isomorphic to one of the
following algebras:
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eix]=e, 1<i<k-1, {:"‘j]]ie[;’_e
Lo(B)) : 4 lexs ] = Bjex, 1<j<k—1, L7(B)) : [Xf‘e_f] _ e
[xi,e] = —ei, 1<i< k-1, v .
[xi, e] = —Bjex,
le1, x1] = e1 + Brex,
[ei, xi] = e,
[ei, xi] = e, 1<i<k-1, [er, xi] = Bjex,
[ex; ] = ek, [ex, xa] = e,
Lg(~i) : Lg :
3(7i) [xi,eil = —ej, 1<i<k—1, ) b, el = —er — Biex,
[xi, e1] = viex, 1<i<k—1, [xi, el = —ej,
[xi, e1] = —Biex,
[x1, ex] = —ex-
[ei, xi] = e, 1<i<k-—1,
Lio(6) : § [xi el = —ej, 1< i< k-1,
[xisxj] = 6i jer, 1<i,j < k—1.

1<
1<)
1<
1<)
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Let L be a solvable Leibniz algebra from the class R(ax, k — 1) and
letay=---=a;.1=—-1landay=---=a,_1=0. Then L is
isomorphic to one of the following algebras:
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bl = @ EFE ke
el =&,  1<i<k-1, AP ba
ek, xi] = Bie i —
Mye(B)) : { Tews il = Biew, L<i<k—1, Mpg(g):q 70— o =0 ’
b el = —e, 1<i<t—1 [xi,ex] = —Biex, 1<i< k-1,
A ’ i el=—e, 1<i<t-—1,
[e1, x1] = e1 + Biex,
i el] = @ 4 B lei> xi] = eis 2<i<k—1,
[e-’x‘]*e- ' 1<i<k-—1 [e1, xi] = Biex, 2<i<k-—1,
POt — . ’ ek, x1] = ek,
M3 +(Bi) : | [et, xi] = Biex, 1<i<k—1, Myg(B): fex. 2] — K
e = G [x1, e1] = —e1 — Brek,
’ > e — <i<it—
5 @l = —c, 1<i<t—1, [xi el eis 2gige=1,
[xi, e1] = —Biex, 2<i<k—-1,
[x1, el = —ex,
ol = @ L€ e fh—il lei, xi] = e, 1<i<k-1,
i Xi] = e <i< .
[e‘; il = @ [ex, xe] = ex,
Ms ¢(i) © b ’e_] C e 1<i<it—1 Mei(w):(lxie]l=—e, 1<i<t—1,
o Gl = =6 <i< 2
. [xt, ek] = —ex,
e =view, 2<i<k—1
= 2E0S =1 Do el = viee, 1<i<k—1,
[er, xi] = e, 1<i<k-—1,
Mz.¢(5i )+ q [xi, el = —ei;, 1<i<t—1,
xi, xj] = &; jex, 1<i,j<k—1.
Gl =6 jex, 1<ij<k—1
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